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Abstract 

We construct a bosonic quantum field on a general quantum graph. Consistency 
of the construction leads to the calculation of the total scattering matrix of the 
graph. This matrix is equivalent to the one already proposed using generalized star 
product approach. We give several examples and show how they generalize some of 
the scattering matrices computed in the mathematical or condensed matter physics 
literature. 

Then, we apply the construction for the calculation of the conductance of graphs, 
within a small distance approximation. The consistency of the approximation is 
proved by direct comparison with the exact calculation for the 'tadpole' graph. 
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1 Introduction 



Quantum graphs have been recently the subject of intense studies, both at the mathe- 
matical level, see e.g. [1-11,22] and references therein, and for condensed matter physics 
applications in wires, see e.g. [12-15] and references therein, or chaos [16]. These graphs 
appear to be a very good approximation for the modeling of quasi unidimensional systems, 
such as quantum or atomic wires (for a review see e.g. [17, 18]). 

In this paper, we show how to construct quantum fields on a general graph, starting 
from the knowledge of the scattering matrix at each vertex of this graph. The construction 
relies on the RT-algebra formalism and gives a way to compute the total scattering matrix 
associated to the graph. This total scattering matrix is equivalent to the one constructed 
using the generalized star product framework [4,6,22]. Then, we apply the formalism to 
the explicit calculation of conductance for Tomonaga-Luttinger models for specific graphs, 
such as tree graph, the loop, the tadpole and the triangle. 

The paper consists of two different parts. The first one (that contains sections El El HI 
and[5]) deals with the formal aspects of the construction. If one assumes the results of this 
part, one can directly read the second part (containing sections [6] and [7j) that is focused 
on explicit calculations and examples. 

More specifically, we summarize in section El known results [8-10] on quantum field 
theory on star graphs. In section El we show how to construct a bosonic quantum field on 
a graph consisting of two star graph linked by a single line. The construction is essentially 
based on the determination of its total scattering matrix. In section HI we generalize the 
approach to the case where several lines are tied between the two star graphs, and in 
section [5] we treat the general case of several star graphs linked by several lines. In section 
El we apply the previous results to the case of scale invariant scattering matrices. This 
allows us to recover results obtained both in mathematical physics literature [4,6,22] and 
in condensed matter physics [13,14]. Finally, using the technics developed in [9,11], we 
apply in section [7] our results to the calculation of conductance on graphs. The calculation 
is done in a short distance approximation. In the case of a tadpole graph, we compute 
the conductance exactly and show that the approximation is consistent with the exact 
calculation. An appendix is devoted to the proofs of the properties used in the paper. 

2 Integrable field theory on star graphs 

We summarize here the results developed in [8]- [10] for the construction of an integrable 
field theory on a star graph. The algebraic framework needed to define bosonic fields 
on star graph are the RT-algebras [19,20]. These algebras are a generalization of ZF- 
algebras, themselves being a generalization of oscillator algebras. Indeed, if oscillator 
algebras are used to define free fields on, say, an infinite line, ZF algebras are adapted to 
define interacting fields on this line, while RT-algebras take into account the introduction 
of a defect on this line. 
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2.1 RT algebras 



We present the RT algebra for a star graph with n edges consisting in n infinite half-lines 
(the edges) originating from the same point (the vertex), see figure [TJ 




Figure 1: Star graphs (the arrows indicate the orientation on the edges) 



To each edge a = 1, . . . , n, one associates oscillator-like generators {a a (p), <4(p)} that 
deal with the field propagating on the edge. They are gathered in row and line vectors: 



A(p) 



( ai(p) \ 

2 (» 
V On(p) J 



and A\p) = (a\(p) , a|(p) , . . . , al(p)) . (2.1) 



It remains to give the (integrable) boundary condition at the vertex, i.e. the way the field 
connects between the different edges. This boundary condition is given by n 2 generators 
s aia2 (p), gathered in a matrix, the scattering matrix of the vertex: 



S(p) 



( snip) snip) ■■■ si n (p) \ 

S2lip) S 22 (p) ••• S 2n (p) 



\ sm{p) s n2 ip) 



i(p) / 



The RT-algebra is the unital algebra generated bjQ {o a (p), <4(p) , s ab ip) , a , b = 1, 
K} submitted to the relations: 

a fll (pi) a a2 ip 2 ) - a a2 ip 2 ) a ai (pi) = , 
o^bi) al 2 (p 2 ) - a\ 2 ip 2 ) a^(pi) = , 



(2.2) 

.,n, p G 

(2.3) 
(2.4) 



Ooi(pi) ol 2 (P2) - al 2 (p 2 ) o ai (pi) = 2ir\6(p! - p 2 ) S aia2 + Sfa +p 2 ) s aiaa (pi)) (2.5) 
and the boundary condition 

A(p) = 5(p) and A f (p) = A\-p) S(-p) . (2.6) 



1 Strictly speaking, at the algebraic level, the RT algebra can be defined for p £ C. However, since p 
is physically associated to an impulsion, we restrict ourself to real p's. 
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The RT algebra admits an anti-automorphism (written for peR) 

<*a0) -> a l(p) ! *l(p) a a(p) and s aia2 (p) -> s azai (-p) (2.7) 

which is identified with the hermitian conjugation. 

There are two consistency relations coming from relation ( 12. 61) . For peR, they read: 

S(p) S(-p) = I (2.8) 
<?t(p) = <?(-p) (2.9) 

One recognizes in (12. 9p Hermitian analycity for the scattering matrix S(p). Together with 
the consistency relation (12. 8p . it implies unitarity of the scattering matrix: 

S{p)S j {p) = I. (2.10) 

Below, we will decompose the scattering matrix into block submatrices: 



S(p) 



Snip) 




52i(p) 


^22 (p) 



(2.11) 



Within this decomposition, the consistency relation (12. 8p recasts into four equations: 

Sn(p)S n (-p)+S 12 (p)S 21 (-p)=I ; S n (p) S 12 (-p) + S 12 (p) S 22 (-p) = (2.12) 
S 2 i(p) Sn(-p) + S 22 (p) S 21 (-p) = ; S 22 (p) S 22 (-p) + S 21 (p) S 12 (-p) = I (2.13) 

2.2 Quantum field on star graph 

A massless bosonic field on the star graph is constructed from the RT-algebra generators 



as: 



a (x,t)= [~ p-^L^^aaW + e'Q^lolip)} a=l,2,...,n. (2.14) 

In expression (I2.14p . x > is the distance on the edge a on which the field propagates, 
with origin at the vertex. Using the relations (I2.3p - (j2.5j) and (12. 6p . it can be shown that 
the field <fi has canonical equal time commutation on each edge: 

[0 ai (xi,O) , (j) a2 (x 2 ,0)] =0 and [{d t ^) ai ){x u 0) , (j> a2 {x 2 , 0)] =-1^103^1-^2), 
xx, x 2 > 0, a±, a 2 = l,...,n; (2-15) 

obeys the equation of motion: 

(d? - dl)<f> a (x,t) =0 , x>0, a = l,2,...,n; (2.16) 

and some boundary condition which depends on the form of S(p). When the scattering 
matrix takes the form S(p) = — (B + ipC)~ 1 (B — ipC), where B and C are real matrices 
such that BC l = C B t , this boundary condition reads: 

n 

J2(B ab <f) b (0,t) + C ba {d x <Pb)(0,t)^ =0 , teR, a = l,2,...,n. (2.17) 

6=1 

Equation (12.141) corresponds to a planar wave decomposition of the field <f) a (x, t). We will 
call o a (p) the mode (or the oscillator) on the edge a (with momentum p). 
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Choice of the origin on each edge In the following, we will need to change the 
origin of coordinate on some edges. This amounts to change the form of the scattering 
matrix. Indeed, from the form (12.141) . it is clear that a shift x — > x + d is equivalent to 
the transformation 

aa(p) - e&aaip) and a£(p) - e^ d a£(p) . (2.18) 

This transformation does not modify the relations (12.31) and (12.41) . but it does affect the 
scattering matrix in (12. 5p . For general shifts of x — > x + d a , on the edge a = 1, . . . , n, the 
scattering matrix will be changed as 

S(p) -> W(p) S(p) W(p) with W(p) = diag(e ipdl , . . . , e ipd " ) . (2. 19) 

Remark that since S(p) obeys the consistency and unitarity relations (I2.8I) - (I2.10I) . the 
transformation (12.191) does not change the properties (I2.8I) - (I2.10I) of the scattering matrix. 

In the same way, a change of orientation on the edges will correspond to a transfor- 
mation: a(p) —> a(— p) in the boundary condition. 

2.3 Star graphs as building blocks for quantum wires 

In the following we shall construct integrable quantum field theory on a general quantum 
wire. It should be clear that the star graphs can be considered as building blocks for 
such general wire, in the same way the single defect on a line underlies the construction 
for several defects on the line [21]. In both cases, the above construction applies locally, 
around each vertex. The scattering matrices attached to each vertices will be called local. 
They are part of the quantum graph data. What remains to do is to connect these star 
graphs, i.e. identify the field on connecting edges between two star graphs. We will see 
that this physical identification is sufficient to determine the 'internal' modes (i.e. the 
generators {a a (p), <4(p)} of a connecting edge a between two vertices) in terms of the 
'external' modes. It allows also to construct the global scattering matrix, that relates the 
'external' modes {a&(p), <4(p)} (on external edges) through a relation of the type (12.61) . 
This natural identification (which leads to a purely algebraic calculation) appears to be 
equivalent to the one introduced in [6] in analyzing the Schrodinger operator on graphs. 
In both cases, one needs to 'glue' star graphs together, either using a generalized star- 
product [6] , or through identification of the bosonic modes propagating on the connecting 
edge(s). 

3 Simple gluing of two vertices 
3.1 General presentation 

We consider two star graphs with n and m edges respectively, that are linked by one edge. 
We want to construct the quantum field on this graph. The basic idea is that locally 
around each vertex, the bosonic field should be the same as the one for the corresponding 
star graph. Then, one should connect the two construction via the connecting edge, where 
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Figure 2: Simple gluing of two vertices (The arrows indicate the orientation of the edge) 



the two fields should correspond. We call this procedure the 'gluing' of the two vertices. 
It is drawn in figure EJ 

The local S matrices are denoted 



Sip) 



I s nip) 
\ s„i(p) 



nip) \ 
i(p) / 



/ a nip) 



and E(p) 



0"1, 



(3.1) 



\ (?ml(p) ■ ■ • CTmm(p) / 



The line that links the two vertices is denoted n in Sip) and 1 in E(p). For each edge 
a/n the origin is chosen to be at the vertex to which the edge belongs. For the edge 
n, the origin is chosen at the vertex described by Sip), so that S(p) is the 'true' local 
scattering matrix of the vertex, while is related to the 'true' local scattering matrix 

£ (p) b y 



S(p) = W(p) E (p) W(p) with W(p) = diag(e ipdn , 1, 1, 



I) 



where d n is the distance between the two vertices (measured on the edge n). 
The boundary conditions on each vertex are local, and hence take the form 



A(p) = Sip) A(-p) and B(p) = E(p) B(-p) 



where 



Aip) 



( 0!(p) \ 

02 (?) 

V a "(p) J 



I 



and B (p) 



<Wi(p) 



(3.2) 



(3.3) 



(3.4) 



\ a n+m _i(p) y 



Since the mode o n (p) is common to A(p) and B(jp), one can eliminate it from the system. 
In other word, the field on the 'inner line' of the graph is constructed from the modes on 
the outer lines. In order to do this calculation, we single out a„(p): 



Aip) 




and Bip) 



where we have introduced 



Aip) 



( ai(p) \ 
V a„_i(p) / 



and Bip) 




(3.5) 



(3.6) 



\ a n+m _i(p) / 
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We apply the same decomposition to the matrices 5(p) and £(p): 



/ s n(p) 



Snip) 

5 2 l(p) 

Su(p) 
so that 



\ S n -l,l(p) ■ 

s nl (p),...,s nin _i(p)J 

/ s ln(p) \ 

\ s n _i, n (p) / 



Si, n -l(p) \ 

s„-i, n -i(p) y 



£ 22 (p) 

S12O) 
^2l(p) 



/ cx 22 (p) • • • (T 2m (p) \ 

\ & m2 (p) • • • OmmO) / 
(7i 2 (p), . . . ,<Ti m (p) 
/ 0"21 (P) \ 



V °"ml(p) / 



£(p) 



O-ll (p) S 12(P) 
^2l(p) £ 2 2 (P) 



5n(p) 5 i2 (p) 

5 2 l(p) Snn(p) 

With these splittings, the boundary conditions ( 13. 3ft recast as 

A(p) = S , n(p)A(-p) + S' 12 (p)o tt (-p) 

On(p) = 521 (p) -4(-p) + Snn(p) On(-p) 

B(p) = £ 22 (p)5(-p) + £ 21 (p)a n (p) 
dn(-p) = S 12 (p) £(-p) + t7u(p) a n (p) 
Equations (13.101) and ( 13. 1 2j) allow us to express a n (p) in term of A{p) and B{p) 

1 



1 - CTlllP) Snn(Pj 

together with a consistency relation 



S 21 (p)A(-p) + s nn (p)E 12 (p)B(-p) 



(3.7) 
(3.8) 



(3.9) 
(3.10) 
(3.11) 
(3.12) 



(3.13) 



S 21 (p)A(-p) + s nn (p)Z 12 (p)B(-p) 

1 - CTll(p) Snnb) 



^ii(-p) 5 2i (-p) A(p) + S 12 (-p) S(p) . (3.14) 



1 - CTll(-p) Snn(-P) 

This consistency relation is automatically satisfied if 5(p) and E(p) obey the consistency 
relation ( 12.81) . see proof in appendix IA.1I for a more general case. Then, defining 



A( P ) 



A(p) 
B(p) 



we recast the two remaining relations as 

A( P ) = S tot ( P ) A(-p) 

with 



(3.15) 



(3.16) 



Statip) 



1 - Oil (P) Snn(p) 
S 2 i(p) 5 2 i(p) 



5 i2 (p) S i2 (p) 



0"ll(p) «nn(p) 



S 22 (p) + 



1 - ctii(p) s m (p) 

Snn(p) S 2 i(p) S i2 (p) 



(3.17) 



<7ll(p)s m (p) ) 



One can show that if S(p) and £(p) obey the consistency relation (I2.8p . then so does 
Stot(p)- In the same way, the unitarity relation (12.101) for the matrices S(p) and E(p) 
implies unitarity for the matrix Stot{p)- 

The bosonic quantum field 4> a (x,t) keeps the form (12.141) . Since the total scattering 
matrix obeys relations (12.91) and (12.81) . the field 4> a (x,t) on external edges (a ^ n), it 
still obeys relations (12.151) and (I2.16p . However, on the edge n, one has to replace the 
generators {a n (p), a^(p)} by their expression (13.131) . and it is not ensured that 4> n (x, t) is 
canonical. 

Remark that the scattering matrix can be rewritten as 



Stot(p) 




0"n(p) 5*12 (p) 5*21 (p) Si 2 (p) S i2 (p) 

S 2 1 (p) #21 (p) Snn(p) S 2 l (p) E12 (p) 



.(3.18) 



The first term in (I3.18P corresponds to the scattering matrix of the two local vertices 
without interaction (i.e. when the edge n is removed), while the second term is the 
'perturbation' due to the link through a n (p). Let us stress that only S to t(p) is unitary. 

Remark 3.1 In the limit of a vanishing distance between the vertices, d n — > 0, the gluing 
of scattering matrices can be viewed as a recursive process to build higher dimensionnal 
scattering matrices, starting from low dimensionnal ones. The process ensures unitarity 
of the final matrix when original ones are. 



3.2 Example 1: the 'tree graph' 

As an example we consider the gluing along one edge of two vertices with three edges. In 
this way, we construct the scattering matrix for a vertex with four edges, that we call a 
'tree graph' for obvious particle physics reasons, see figure El This gluing is the simplest 
example of the recursive process mentioned in remark 13.11 




Figure 3: The tree graph 
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The decomposition of the local S matrices reads 



Sip) 



snip) 


S12(P) 


sis(p) 


S21O) 


SjBi(p) 


S23(P) 


S3l(p) 


S32(p) 





and £ (p) 



o\\ (p) 


0-12 0) 


^13(P) ' 


021 (p) 
0-31 (p) 


0-22 (p) 
0"32 (p) 


^23 (p) 
^33 (p) , 



(3.19) 



where the lines indicate the block decomposition of the matrices. The local boundary 
conditions have the form 

/ a 3 (-p) \ / a 3 (p) \ 

and a 4 (p) = £(p) o 4 (-p) . (3.20) 
V a s(p) / V a s(-p) / 

We will focus on identical local vertices. This does not mean that the local matrices 
S(p) and £(p) are identical, because of the different labeling and orientation of the edges 
on the total graph, and also because of the choice of the origin on the connecting edge. 
The local scattering matrices rather obey 





E(p) = W(p) PS(-p) P' 1 W(p) with P 




■ W(p)=diag(e^,l,l) 



(3.21) 

where d is the distance between the two vertices. In ( 13.211) . P rotates the S-matrix 
according to the labelling of the edges, while W(p) implements the shift of the origin, 
according to (12.191) . It leads to 



(3.22) 





( s 33( 


—p) e 2ipd 


s 3 i(- 


-p) e ipd 


«32(- 


-p) e ipd 


\ 


E(p) = 


Sl3( 


-p) e ipd 


Sll 


i-p) 


Sl2 


I-P) 






\ s 23 ( 


-p) e ipd 


S21 


i-p) 


S22 


{-P) 


J 



Using this expression and the consistency relation, one rewrites (I3.17P as 



Stot(p) 



S n (p) 
Sn(-p) 



e 2i P d I s 33 (-p) M(p,p) e- ipd M(p,-p) 
M{p) I e ~ ipd M(-p,p) s 33 (p)M(-p,-p) 



N(j>) = 1 
where we have introduced the submatrix: 

si 3 (p)s 3 i(g) s 13 (p)s 32 (q) 

S23(p)s 3 i(q) s 23 (p)s 32 (q) 
The boundary condition for the total tree graph reads 



M(p,q) = S 12 (p) ■ S 21 (q) 



(3.23) 



(3.24) 



/ ai (P) \ 

^(p) 

a 4 (p) 
V a s(p) / 



S to t{p) 



( ai(-p) \ 
a 2 (-p) 
a 4 (-p) 

V a s(-p) / 



(3.25) 



S 



and the 'inner mode' (J3 (p) is expressed in terms of the 'outer modes' as 

1 



(hip) 



Af( P ) 



ssi(p) ai(-p) + s 32 (p) a 2 (-p) 
+e ipd s 33 {p)(s 3l (-p) a 4 (-p) + s 32 (-p) a 5 (-p) 



4 General gluing of two vertices 

We now turn to the case of two vertices linked by r lines, as shown in figure HI 



n < 



ai 
a 2 




a n+r+l 
&n+r+3 



> m 



(3.26) 



Figure 4: General gluing of two vertices 

Following the same technics as in section [3], it is clear that the construction of the 
quantum field on the graph is equivalent to the determination of the total scattering 
matrix for the complete graph. 

4.1 General case 

As in the previous case, we divide the local S matrices according to the x lines that are 
common to the two vertices: 



S(p) 



Snip) S 12 (p) \ / £n(p) £12 (p) 

S 2 i(p) S 22 (p) J \ E 2 i(p) ^22(p) 

where the block submatrices have sizes n x n, n x r, r x n, r x r in S(p): 



Su(p) 



(4.1) 



#21 (p) 



/ snip) ■■■ 


Slnip) \ 




Snip) = 


( s 1>n+1 (p) .. 


Sl,„+r(p) ^ 




\ s„i(p) . . . 


Snn(p) J 






\ s n , n+ i(p) . . 


S n ,n+t(p) J 




/ S n+l,l(p) 


■ ■ ■ s n+l,ti 


(?) ^ 




( s n+hn+1 (p) 


■ ■ s n+1>n+t (p) \ 








S 22 {p) = 










• • • Sn-i-^ti 


(p) J 




\ s n+r>n+ i(p) 


■ ■ Sn+T,n+x(p) J 



(4.2) 
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and sizes m x m, m x t, r x m, r x r in S(p): 



Sn(p) 



£21 (p) 



/ o"n (p) • 

\ Mp) • 

/ (Xt+l,lO) 



0"! 



:(P) \ 



ff tt(p) / 
•• 0"r+l,r(p) \ 



Sl 2 (p) 



S 2 2(p) 



\ 0"m+t,l(p) • • • 0"m+r,r(p) / 



(p) • 

0"t,t+l(p) • 
/ (T t+ i )t+ i(p) 

\ 0"m+r,t+l(p) 



0"i, r 



t(p) \ 



0V,m+t(p) / 
^r+l.m- 



(P) \ 



(p) / 

(4.3) 



The modes A(p) and -B(p) on each local vertex are decomposed accordingly: 



Mp) 



Hp) 
am 



B{p) 



M-p) 

AM 



(4.4) 



where 



Mp) 



( oi (p) \ 
V a n (p) / 



; A 2 (p) 



^ a„+i(p) \ 

\ a n+M / 



; 4»(p) 



/ a n+r+1 (p) \ 
\ a n+m+t (p) J 



(4.5) 



The calculation follows the same lines as in section [3] and we get 

AM 



and 

Stotip) 



A(p) = S tot (p) A(M with A(p) 



s 1 m + Si2(p)d(p)- 1 z 1 ms 2 m 
z 2 MD(p)- l s 2 M 



AM 
S 12 (p)D(p)~ 1 E 1 M 



(4.6) 



S 22 (p) + E 2 i(p) D(p) 1 5* 22 (p) Ei 2 (p) 

(4.7) 

where 

D(p) = I t -E 11 (p)S' 22 (p) and D(p) = I t - S 22 (p) E u (p) (4.8) 

is now an r x r matrix supposed to be invertible (which is true for generic values of d, the 
distance between the two vertices). 

One checks easily that the formulas (14.71) are identical to the one given by the star- 
product approach, see e.g. formula (33) in [4] and formula (3.4) in [6]. The matrices 
-D(p) -1 and D(p)^ 1 in the present paper correspond (through a series expansion) to the 
matrices K\ and K 2 there, and the assumption of invertibility of D(p) and D(p) is the 
compatibility condition assumed in [4,6]. In the language of [4,6], we have made the 
generalized star-product S(p) *w(p) ^(p)- 

The present approach allows also to reconstruct the modes in between the two vertices 
from the ones outside as: 



am = Dipy 1 (s 21 (p) A l (- P ) + s 2 m £i 2 (p) MM) 



(4.9) 
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As in section [31 there is an additional consistency relation that is automatically satisfied 
if S(p) and S(p) obey the consistency relation (12. 8p . The proof is given in appendix IA.ll 
In this case, Stot(p) also obeys this relation. The same si true for the unitarity relation. 
When one takes r = 1, we recover the case of section [31 

4.2 Case of identical vertices 

To simplify the expression of S to t{p) given above, we now focus on identical vertices. As 
already mentioned, due to the different labeling of the edges, the orientation of the edges 
and the choice of the origin on the connecting edge, the local scattering matrices are not 
identical, but rather obey 

where we assumed that the distance between the two vertices is d, whatever the connecting 
edge on which it is measured. Since the vertices are identical, one has n = m, and Sn (p) 
is a n x n matrix, while S 22 (p) is t x t. 

Then, using consistency relations (12. 121) - (12. 131) . which in particular implies 

Su(p) (in - e 2tpd S 22 (-p) S 22 (p)) = (l n - e 2ipd Snip) S u (-p)) S 12 (p) , (4.11) 

one can rewrite (14. 7p as 

f (1 _ e *pd) Dl{p yi Su{p) e i P d D 1 (p)- 1 (l t - S u (p) S u (-p)) \ 

v ^ d D x {p)- 1 (l r - S n (-p) S u (p)) (1 - e 2ipd ) D^pV S 11 (-p) ) 

(4.12) 

where 

D 1 (p)=I v -e 2l P d S n (p)S 11 (-p) and D 1 (p) = l x - e 2i ^ d S n (-p) S u (p) . (4.13) 

Remark that the total scattering matrix is built on the block submatrix Su(p) solely. 
The modes on the inner edges are given by: 

A 2 (p) = (l n -e 2 ^ d S 22 {-p)S 22 {p)y l (Snip) A^ + e^ Snip) S 21 {-p)M{-p)) ■ 

(4.14) 

4.3 Approximation for small distance 

Taking the limit d — > 0, one gets the trivial scattering matrix 

S -^L - ( I ) < 4 - 15 > 

corresponding to n non-connected infinite lines. 



Stotip) 
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Thus, one could think of an expansion of St t{p) in terms of the distance d to get new 
scattering matrices. However, the physical data, such as the conductance (see section [7j), 
rely heavily on the pole structure of the scattering matrix. Hence, before we perform an 
approximation of (I4.12p for small d, we rewrite it as (for t = tan(pd/2)): 

SUP) = (ftl 5 2 S?n (4.16) 



S' 21 ( P ) S' 22 {p) 

S' n (p) = -AitVip)- 1 SiiiP) ! S' 12 (p) = (l + t 2 )D(p)- 1 (l-5 11 (p)5 11 (-p))(4.17) 
®(p) = (l-it) 2 I-{l + ii) 2 S 11 (jp)S 1 i(-p) (4.18) 

S' 21 (p) = (l + e)£>(p)-i(l-Su(-p)S n (p)) ;S' 22 (p) = -AHVip)- 1 S^i-p) (4.19) 
S)(p) = (l-zt) 2 I+(l + il) 2 S , 1 i(-p)S'ii(p). (4.20) 

Then, the approximation is done using the expansion t ~ pd/2, but keeping the possible 
fractions entering the formulas above. We detail below in section [6] this expansion for 
some examples: it will show how the pole structure is (partially) preserved in such an 
expansion. In section 0, we apply this expansion to the calculation of conductance. In 
particular, we will show its consistency by comparing in one example this approximation 
to the full calculation of the conductance. 



4.4 Example 2: the loop graph 

In this case, one considers two vertices with three edges each, two of them being glued 
together. The local S'-matrices are 3x3, and the total S'-matrix (after gluing) is 2 x 2. 
In the notation of the previous section, we have n = m = 3 and r = 2. 




Figure 5: The loop 
The decomposition of the local S matrices reads 



S(p) 



snip) 


sia(p) 


SM \ 




S2l(p) 


S22(p) 


S23(P) 


and E(p) 


S3l(p) 


S32(p) 


S33(P) J 





0-21 (p) 


0-12 (P) 
0"22 (p) 


0-13 (p) 
^23(P) 


0-31 (P) 


C^32(P) 


033 (P) 



. (4.21) 



Again, the lines drawn within the matrices indicate the block submatrices we consider. 
The local boundary conditions have the form 





and 



02 (~P) 

a 4 (-p) 

03 (P) 



E(p) 



02 (P) 

a 4 (p) 
as (-P) 



. (4.22) 
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We will focuss on identical vertices: 




E(p) = W^P' 1 S(-p)PW(p) with P= [ 1 ] ; W(p) = diag(e ipd2 ,e ipd4 ,l) 

(4.23) 

where d a is the distance between the two vertices, measured on the edges a = 2, 4. It 
leads to 



(4.24) 





/ 


S 2 2< 




«23(- 


-p) e* p ^ 2+d4 ^ 


s 2 i(-p) e ipd2 


\ 


E(p) = 




«32(- 


p) e*P( rf 2+d4) 




e 2ipd 4 


sai(-p) e ipd4 






V 


Sl2 


(-p) e ipd2 


Sl3 


(-p) e^ d4 


sii(-p) 


/ 



To get simple expressions, we suppose that d 2 = d± = d/2, where d is the total length of 
the loop. The total scattering matrix takes the form (with t = tan(dp/2)): 



Statip) 



-4its u {p) (1 + t 2 ) (1 - s n (p) sn(-p)) 

M{p) V (1 + t 2 ) (1 " snip) sn(-p)) -4it Sll (-p) 



AT(p) = (l-U) 2 -(l + zt) 2 Sll (-p)sn(p). 
It corresponds for the total graph to a boundary condition: 



<*i(p) 
aa(p) 



Statip) 



ftl(-p) 



The inner modes read 
02 b) 
a 4 (p) 



521 (p) 

AT(p) 

£3l(P) 

AT(p) 



fll (_p) + e W ail( _p) a3 (_ p) ) 
fll (_p) + e W ail (_p) a3 (_ p) 



(4.25) 
(4.26) 

(4.27) 
(4.28) 



4.4.1 Expansion for short distances 

The general formula (14.251) simplifies to 



Statip) 
A/" (p) 



-2ipdsnip) 1 - s nip) s u(-p) 
Moip) \ I - snip) sni-p) -2ipds n {-p) 



dp 



. dp 



sn(-p) sn(p) 



(4.29) 



where now Sn(p) is a scalar function. If one assumes furthermore that Snip) * s a constant 
(see section EJ, the expansion leads to a total scattering matrix with two simple poles 

2i gii±l 
d sn=Fl' 
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4.5 Example 3: the tadpole graph 

The tadpole is constructed as a special case of loop, where one of the vertex is fully 
transmitting between two edges, and purely reflexive in the third edge (with coefficient 
1). In this way, we get a system with a tadpole and a decoupled half-line, as depicted in 
figure The local scattering matrices of this graph are not identical: the first one has 



S{p) 



Oi 




a 2 




E(p) 
ft 



o 3 



Figure 6: The tadpole (plus a half-line) 



the general form 



Sip) 



snip) 


sia(p) 


sia(p) 


*2l(p) 
S3l(p) 




S2S(P) 



Snip) S 12 (p) 
S2i(p) S 22 (p) 



(4.30) 



while the one associated to the purely reflexive vertex reads 





( o 


e ip(d,2+d 4 ) 





E(p) = 1 


e ip(d 2 +d,4) 










V o 








Sn(p) 

£21 (p) 



£12(p) 
s 22 (p) 



(4.31) 



where cZ 2 and c?4 are the distances between the two vertices, measured on the edges 2 and 
4 respectively, so that the length of the loop in the tadpole is £ = d 2 + d±. 
From formulas (I4.7p - fl4.9l) . we get 

R(p) 



Statip) 

Rip) 

Mp) 
Mp) 

Nip) 



o 

snip) 



(4.32) 



D ipl 



Roip) + R^p) 



Dip)' 1 Sn(p) oi(-p) 



Nip) 

snip) s 3 i(p) + si 3 (p) s 2 i(p) 

S12(P) («33(P) «2l(p) - S 23 (p) S 3 i(p)) + S 13 ip) ( s 2 2 (p) S 3 i(p) - S 32 (p) S 2 l(p)) 

(1 - e<* s 23 (p)) (1 - e** S32 (p)) - e 2 ^ s 22 (p) S33 (p) 
The modes in between the two vertices are reconstructed from the ones outside as: 

2 (p) 
04 (p) 

s 2 i(p) + (s 22 (p)s 3 i(p) - s 32 (p)s 2 i(p)l e ip£ \ fli(-p) 

«3l(p) + (s 3 3(p)*2l(p) - S23(P>3l(p)) J JV(p) 

As expected, the mode a 3 (p) on the purely reflexive half-line decouples, and the mode(s) 
on the loop of the tadpole depends solely on Oi(p), the mode on the outer line of the 
tadpole. This mode obeys a reflection boundary condition. 

Again, one can perform an approximation for small distances: we will present it in 
section O on particular examples that apply to the calculation of conductance on graphs. 



(4.33) 
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5 General gluing of more than two vertices 



The construction is done by recursion: one first glues two vertices using the results of the 
previous section to get an effective vertex corresponding to this gluing. Then, one glues 
this effective vertex to a third one. The result is the gluing of the three vertices, that we 
can glue to a fourth one, and so on. . . The quantum field follows the same rule, and, at 
the end, we get the field for the total graph in term of the generators {a a (p), <4(p)} of 
the external edges a solely. It obeys relations (12.151) on external edges. 

The total scattering matrix of a general graph is thus obtained through a recursive use 
of the formulas of section HI If we denote by S^'(j>), j = 1, . . . , n + 1, the local S'-matrices 
of the n + 1 vertices under consideration, and by S^'" k ^(p), 1 < j < k < n + 1, the S-matrix 
resulting from the gluing of the vertices j to k, we get the recursion formula: 

/ ^" N+1] (p)n S£ t ^%) 12 \ 

s r N+1] (p) = I , r , (5.i) 

St* +1] (p)n = ^ip) + ^ip)Dip)- 1 sS + \)^ip) (5.2) 

St N+11 (p)i 2 = S^\p)D( P rS^\p) (5.3) 

St N+1] (p) 2 i = sS + %)D(p)~ist N] (p) (5-4) 

St N+1 \ph2 = S^\p) + sS + \p)D(pr^\p)Sr 2 +1] (p) (5.5) 

Dip) = l-Sf! +1 \ P )Sf ] (p) ; D{p) = I-Sf\p)S^(p) (5.6) 

where Dip) and Dip) are supposed to be invertible. S^" ,N ^ip) is deduced from the scat- 
tering matrix 5 , ' 1 " N ^(p) obtained from the previous step through a reordering of the rows 
and columns such that the modes 'glued' in the step appear at the right place (see sec- 
tion [5J]). Of course, the decomposition of the S'-matrices into submatrices Sn, Su, S21 
and S22 and the size of these submatrices depend on the number of edges that are glued 
between each vertices. 



5.1 Example 4: star-triangle relation 

We consider a graph constituted with n = 3 identical vertices possessing three edges each, 
coupled as in figure [71 The local boundary conditions are given by 

/ ai(-p) \ / a 2 i-p) \ ( a 2 (p) 

= S^ip) a 4 i-p) ; ob(p) = S^ip) a 3 (-p) 

\ 02(-p) / \ a 6 (p) / \ Oei-p) 

a 4 (-p) \ / a 4 (p) 

Ofl(-P) = S [3] ip) aeip) ] . (5.7) 

05 (P) / V Os(-P) 
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»- o 3 



Figure 7: The triangle 

We first construct S^(p) as the gluing of S^(p) and S™(p). Since the vertices are 
chosen identical, we have 



/ s 33 (-p)e 2ipd 



s 3 i(-p)e ipd s 32 {-p)e ipd \ 



s [2] ( P ) = w 2 ( P ) p 2 s^(-p) p^ 1 w 2 ( P ) = Sia( _ p) 

S22(-P) / 

(5.8) 

During this first gluing, the mode a 2 (p) is the only inner mode. The modes a^p) and 
06 (p), which are inner modes of the full graph, are considered as outer modes for a while. 
We can apply the results of section [3^2] for the tree graph to get S^(p): it is in fact of 
the form (14. 121) . where Su (p) is the 2x2 upper left submatrix of S^(p). 

The inner mode a 2 (p) is constructed from the 'outer' modes CL a (p), a = 1,3,4,6: 



02 (p) 



1 



e 2ipd s 33 (p) s 33 (-p) 



•531 0) ai(-p) + s 32 (p) o 4 (-p) (5.9) 
+ e ipd s 33 (p) (s 31 ( -p) a 3 ( -p) + s 32 ( -p) o 6 ( -p) 
These 'outer' modes obey the boundary condition 



/ a x (p) \ 

04 (p) 
d 3 (p) 

V a e(p) y 



^(p) 



/ ox(-p) \ 

a 3 (-p) 
V a e("P) / 



(5.10) 



We now turn to the second stage of the gluing: we glue S^ l2 \p) with S^\p). Sticking 
to the identical vertices case, we take S [3] (p) to be 



S®(p) = W 3 (p) P 3 S^(p) P3- 1 W 3 (p) 



s u (p) e 2ipd 
«3i(p) e 2ipd 


si 3 (p) e 2ipd 
s 33 (p) e 2ipd 


s 12 (p) e ipd ' 
s 32 (p) 


s 2 i(p) e jpd 


s 23 (p) e ipd 


«2 2 (p) , 



(5.11) 



so that we have a local boundary condition as in (15. 71) . We have chosen the distance 
d to be the same on each edge, but clearly nothing changes in the construction if the 
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distance dyi between the vertices 1 and 2 (appearing at the first stage) is different from 
the distances di 3 and d 23 (appearing at the second stage). To do the gluing, we have also 
to reformulate the boundary condition (15.101) in the following way: 



3 (p) 
04 (?) 
\ 0fi(p) J 



( ox(-p) \ 
o 3 (-p) 

04 (~p) 

\ oe(-p) / 



(5.12) 



The new S^(p) is deduced from the original S^(p) through the reordering: 

s^(p) = p 12 s^\p)pr 2 1 with p 12 



/ 1 \ 

10 

10 

\0 1/ 



(5.13) 



Then, one just uses formulas (14.71) with S^(p) playing the role of S(p) and S^(p) the 
role of E(p). In this way, we get a scattering matrix Stot(p) for a 'global' vertex with three 
edges, equivalent from 'outside' to the three original vertices: this is the star-triangle 
relation. Indeed, the boundary condition for outer modes reads 



(5.14) 





and the inner modes a±{p) and o 6 (p) are obtained through relation (14.91) with 



A 2 ( P ) 



04 (p) 
06 0) 



Ol(p) 
03 (p) 



^3 (p) = o 5 (p) . 



(5.15) 



The complete expression for the inner mode a 2 (p) is obtained using (I5.9P and the expres- 
sions for a4 (p) and (p). However, the general formulas being rather complicated, we 
prefer not to write them explicitly. A complete example of triangle scattering matrix is 
given in section l6~4l for special (constant) local scattering matrices. 



6 Scale invariant matrices and Kirchhoff 's rule 

We focus on the case of identical vertices and apply the formalism to scale invariant 
matrices. Since we will deal with the examples treated in previous sections, that are 
constructed from local 3x3 scattering matrices, we focus on scale invariant matrices of 
this size. They have the form 

, / 1 — a\ + «2 — 2ctia 2 — 2«i 

S a = k k -1ol\_ol 2 l+a?-«2 -2a 2 I • (6.1) 

1 + ai + ai \ 2,21 

1 1 \ — 2«i — 2a 2 a\ + a 2 — 1 
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We will see in the next section how to deduce the conductance G a b between edges a and 
b of a quantum wire from the scattering matrix of this wire. For a star graph and a 
Luttinger liquid model, the conductance obeys Kirchhoff's rule 

n 

^G afc = 0, (6.2) 

0=1 

if the scattering matrix obeys [9] 

n 

Y,S ab =l- (6.3) 
0=1 

We will loosely call this relation Kirchhoff's rule (for scattering matrices). For a general 
quantum wire, one may impose the Kirchhoff's rule for scattering matrices locally, i.e. 
on each vertex of the wire, or globally, i.e. on the total scattering matrix. To get a 
scale invariant matrix (16.11) obeying Kirchhoff's rule, one needs to impose the constraint 

1 + CKl + «2 = 0. 

As already mentioned, we now apply the results obtained for the examples 1, 2, 3 and 
4 treated in previous sections to cases where the local scattering matrices have the form 
(IBTIj). 



6.1 Example 1: the tree graph 

For the tree graph (see section 13. 2p built on local scale invariant matrices, the total 
scattering matrix ( 13. 23ft takes the symmetric form: 

SUP) = T77~\ ( c U S c 12 S ) (6-4) 



Af(p) V Snip) S n (p) 

M{p) = (1 + a\ + al) 2 - (1 - a\ - a\f e 2ipd (6.5) 

1 — a\ + a 2 , —2a\a 2 

—2a\a 2 1 + ct\ — <y 2 



Sn(p) = (1 + af + a 



„. , „ „ / 1 + a 2 — an 2«ia 2 
+e 2 ^(a 2 1 + a 2 2 -l) 1 2 

y z«i « 2 1 — a{ + «2 

, / a 2 ot\ oto 

S 12 (P) = 4e^ ) . (6.7) 

y atx «2 &2 

The inner mode is expressed as 

fls(p) = jfj^ {(« 2 + «2 + !) («iOi(-p) + a 2 a 2 (-p)^ 

+(a? + (4-1) e ipd (on Oi(-p) + a 2 a 5 (-p)) } , (6.8) 

where, for the edges, we have used the numbering given in figure [3j 

When one considers the particular case ot\ = a 2 = ±1, one recovers the scattering 
matrix computed in example (IV.4) of [6]. 
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6.1.1 Approximation for short distances 

We first rewrite the scattering matrix as 

4 / fi a 



Statip) 
N{p) 

A 
A, 
B 



[i-e)A 

B 



HAi B 

(l-t 2 )A + ttA 1 



(/i 2 - 1) t 2 - 2i(l + /i 2 ) t + 1 - /x 2 with [i 



a; 



as 



1 + af + a\ 



1 


(1- 


ha 2 + a|) 2 




1 


(1- 


Va\ + al) 2 




1 



n 2 

—a\a 2 



— a\a 2 



On 



aia 2 [a 1 



al) 



aia 2 (a 2 + al) 
4 4 1 

tt2 — «1 — 1 



Oi\ + «i) 2 



af 

Q!iQ!2 



aia2 

«2 



(6.9) 

(6.10) 
(6.11) 
(6.12) 
(6.13) 



where t = tan(y). Taking d = 0, we get a new 4x4 scattering matrix 

S (0) 



A B 
B A 





I 


a 2 2 


— OL\ a 2 


a'l 


ai «2 


\ 


1 




— OL\ a 2 


n l 


a\ a 2 


a 2 




+ a 2 2 




a\ 


«1 «2 


«2 


— «1 «2 






V 


a\ a 2 


a 2 2 


— «1 «2 


a 2 


/ 



(6.14) 



Remark that this matrix obeys the Kirchhoff's rule, whatever the values of a% and a 2 
are, even when the local scattering matrices do not. Foil a 2 = €a±, with e = ±1, we get 
simpler matrices (still obeying Kirchhoff's rule): 



si0) = 5 



/ 1 -< 

-e 1 

1 e 

V « 1 



1 e \ 

€ 1 

1 -e 
1 / 



with e = ±1 . 



(6.15) 



These matrices can be compared with the two matrices introduced in [14] for the modeli- 
sation of a condensed matter experiment proposal: 



S 



(0) 
ch 



( 



\ 1 



~e 1 \ 

1 -e 
e 1 



with e = ±1 



(6.16) 



e / 



Indeed, one has 



S^ = US {0) where U 



( 1 \ 

10 

10 

\ 1 / 



(6.17) 



^Notice that if one also imposes the Kirchhoff's rule on local vertices, one needs to take e = +1. 
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Since U U = , the unitarity relations are preserved by this transformation, and 
indeed S<® and are unitary 

The "first order" correction (in term of d, the distance between the two vertices) can 
be computed as in section [31 setting t ~ ^ in the above matrices. We focus on the case 
a 2 = eai, and set (3 — a\ . Multiplying by U, we get a first correction (in d) for the 
matrices given in [14]: 



-1/2 



(pd + Ai/3) (pd + i/0) 



d P c(i) 



ch 







ch 



(dpf S, 



ch 



s 



(1) 

ch 



( 








4e/? 2 


-1 


\ 










-1 


4e/? 2 






4e/3 2 


-1 










\ 


-1 


4e/3 2 








/ 



5 



(2) 
ch 



( 








— e 


1 


\ 










1 


— e 






— e 


1 










V 


1 


— e 








J 



(6.18) 



(6.19) 



6.2 Example 2: the loop 

The loop graph has been treated in section H~4l Using the form (16. ip . the total scattering 
matrix ( 14.251) rewrites 

„ , , exp(idp) ( -2i/x sin(dp) 1 - /i 2 \ l - a 2 + a\ 

with a = £ % 

\ 1-fi 2 -2z> sin(dp) / 1 + af + ol\ 

X(p) = 1 - (fj. exp(idp)) 2 . (6.20) 



JV(p) 
1 — (/i exp(idp)Y . 
For scattering matrices obeying locally the Kirchhoff's rule, one has \i - 



In the particular case \i — — | (i.e. «i = —2 when Kirchhoff's rule is obeyed locally), 
one recovers the S matrix found in example 3.2 of [4], with the identification p = \J~E. 
The inner modes take the form 

2a x 

ipd a 1 (-p) + /ia 3 (-p) X 



(hip) 
04 (p) 



Af(p) 

7 



(e-^a 1 (-p)+/ia 3 (-p) 



■A/"(p) 



1 + af + a| 



(6.21) 



6.2.1 Expansion in term of the loop length 

We rewrite the scattering matrix in term of t = tan(dp/2): 

R(p) T(p) N I R iP) 

T{p) Rip) 



Static) 



with 



l_ /i 2 )t 2 + 2 , (1+/i 2 )t _ 1+/i 2 

2 1V1 , ^ ( 6 - 22 J 



T(p) 



(/i 2 -l)(l + t 2 ) 



1 - /i 2 )t 2 + 2i(l + /i 2 )t- 1 + /i 2 

When d — > 0, we get an aproximation of the scattering matrix setting t ~ dp/2. One 
recognizes in the approximation, the scattering matrix for a point-like impurity on the 
line. The reflection and transmission coefficients defining this impurity are given by the 
local parameters a±, «2, and by the distance d (or equivalently by the surface d 2 of the 
loop). Correction to this approximation, induced by the surface of the loop, are given by 
the full expression (16.201) . 
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6.3 Example 3: the tadpole 

We apply the result for the tadpole graph (see section H~5j) . Starting from the general 
form (16. ip . and using the expression (I4.32p . this leads to the tadpole S matrix 

o , n ( R(P) \ _ „, N (1 + ol\ + a 2 ) e 2idp + 4a 2 e idp + 1 - a 2 + a 2 

Stot(p) = n 1 With R(p) = yz 5 sf-rr; : ~, 5 f. 

(6.23) 

We get a system with a half-line with reflection coefficient 1 decoupled from another 
half-line, with reflection coefficient R(p). 

In the particular case of a± = ±2 and a 2 = 1 one recovers the S matrix given in 
example 4.3 of [4], again with identification p = \J~E. 

The modes inside the loop read 

( , -2 ai {a 2 + e^ d ) 

a2ip) = (l-al + al)e^ + Aa 2 e^ + l + al + al ai{ ~ P) ^ 

,s -2 ai {l + a 2 e^ d ) 

aAP) ~ (l-al + a 2 )e™P + 4a 2 e> d P + l + al + al ai[ P) - [b b) 

6.3.1 Expansion in term of the loop length 

We rewrite the reflection coefficient (16.231) as 

\ (l-a 2 ) 2 t 2 -2ia 2 t-(l + a 2 ) 2 
R(p) = - , 2tf 2 — 7— — with t = tan(pd/2) 6.26 

(i - 0L 2 y t 2 + 2%a{ t - (i + 0L 2 y 

and perform the short distance approximation setting t ~ dp/2. 



6.4 Example 4: the triangle 

We present the calculation of the total scattering matrix for the triangle (as it has been 
explained in section I5TTI) . up to the end, for scale invariant local scattering matrices (16.11) . 

To simplify the presentation, we consider three identical vertices with local scattering 
matrix (16.11) with ot\ = a 2 = 1: 



Sn 



1 

3 



and take the same length d for the three connecting lines. 

At the first step of the gluing, we get a tree-graph matrix of the type (16.7j) . 



/ 



s [12] ( P ) 



D 2idp 



D 2idp 



2(e 2idp - 3) 



3 2(e 2idp - 3) 



D 2idp 



+ 3 



4 e *dp 

2idp _i_ 



2(e 



2idp 



3) 



4 e «ap 
^ e idp 

2(e 2idp - 3) 



D 2idp 



+ 3 J 
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that, after rotation by P12, we glue to 

(_ e 2idp 2e 2idp 2e idp 
2e 2id P _ e 2id P 2e id P 
2e id P 2e idp -1 

using the general formulas (14.71) . We get 

^ e ipd _|_ y 4(e ipd — l)e i: 

S *ot(p) = —a-^ h + j— d + 3){e2ipd _ 2eipd - 3) [ -1 ^ -1 I . (6.27) 

The inner modes 04 (p) and as(p) are obtained using formulas (14.91) : 

2 f e ipd - 3 . . 2e ipd . . e ipd (e ipd +1) . . 
a ^ p ' = e 2i P d _ 2e ipd + 3 I el pd + 3 a H-^) + a 3("P) eipd + 3 a s(-P) 

2 C 2e ipd e ipd — 3 e ipd (e ipd +1) 
= e2ipd _ 2 e pd + 3 1^+3 ai( ~ P) + ^+3 fl3(_P) e pd + 3 a5( ~ P) 

The mode 02 (p) is obtained according to the calculation explained in section loTTl 

a ^ = ^Z^{ 3 a ^ + 3 a ^ + eipd a ^ + e ^ fl3 ^} • 

6.4.1 Expansion in term of the distance 

An equivalent form of (16.271) is given by 

s MiP) = -^|i. + (t+ ^gtat-i) ( :} ! 2 | : 2 ; ' • (6 - 28) 

where t = tan(dp/2), the short distance expansion being given by t ~ dp/2. 

One can compare this matrix with the symmetric scattering matrix introduced in [13]: 




(6.29) 



To get this matrix at d — 0, we multiply S to t(p) by 71. It is possible because we have 
1Z 2 = I and [Stotip) > ^] = 0, so that lZS to t{p) is still unitary. Then, the short distance 
approximation leads to: 

R ^ (p) ._^ K+ _«g±n_ ( T -2 I ) , l~* (6.30) 

11-2/ ^ 

which can be viewed as a first correction to the scattering matrix 1Z. 
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7 Conductance 



7.1 General settings 

The conductance of a quantum wire is obtained through the linear response of the current 
jti,a{x,t) to a classical external potential A^ a (x,t) minimally coupled to a fermionic field 
ijj b (x,t) on the quantum wire. This has been treated in [10] for Tomonaga-Luttinger 
(TL) model in the case of star graphs, see also [7] for a general treatment of self-adjoint 
magnetic Laplacian on graphs. When considering a general quantum wire, we will restrict 
ourself to the problem of computing the conductance within the TL model and between 
external edges only. Via bosonization, all the problem can be rewritten in term of the 
bosonic field <fr a (x,t) given in (I2.14p . see [10] for details. For instance, the local gauge 
transformations read 

A^ a (x,t) -> A^x, t) - <9 M A a (x, t) , fi = x,t ; a=l,...,n (7.1) 
M*,t) M^,t) + — / =A a (x,t) (7.2) 

and the corresponding invariant current reads 

3lM,a(x, t) = y/ndp (j) a {x, t) + - A^x, t) , (7.3) 

a 

with possibly some additional terms corresponding to bound states [11]. Let us stress that 
this current is just the bosonized version of a fermionic (relativistic) current i/)(x, t)7 M ^(x, t). 
Then, the linear response theory leads to 

<jx,a( x i t ) >a= -A Xta (x,t)-{ — V" / dr dy A X:b (y,r) < [d x <f> b (y, r) , d x (j) a (x,t)] > 

° a t^J-oo Jo 

Considering a uniform electric field switched on at t = t , in the Weyl gauge: 

E a (t) = d t A x , a (t) with A x , a (t) = if t<t (7.4) 
At, a = , Vt , a = 1, . . . , n (7.5) 

and supposing that the scattering matrix is symmetric and admits simple non-real poles 
only, one can derive the conductance [11] 

< j x ,a(x,t) >a» = [ ^A x , b (uj)G ab (uj,t-t )e- iuJ \ (7.6) 

G ah {u, t) = OA 5 ab - S ab (u) - V T ab ( v ) . (7.7) 

L ^-^ u — vn ) 

We have also introduced V, the set of poles of the scattering matrix and 

T ab {rf) = lim (p - irj) S ab (p) . (7.8) 



p— > IT] 



Go is the conductance for the infinite line. The conductance depends on the time to °f 
the switch-on of the electric field, but also (due to the presence of poles in the scattering 
matrix) on its frequency u. 
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Short distance approximation for the conductance: The formula (17.71) can be 

applied to any of the scattering matrices computed in the previous sections, in particular 
to the ones deduced in the short distance approximation, where the number of poles is 
finite. Moreover, when performing this short distance approximation, and since the pole 
content has been already (partially) kept in the T ab matrix, one can take for the total 
scattering matrix in (j7.7p its value for d = 0. Since in our examples the local scattering 
matrices are constant, this is equivalent to take p = in S, so that we get for the 
conductance the approximated form 

GT(w> t) = Go \S ab - S ab (0) - £ T M } , (7.9) 

where Vo is the set of poles appearing in the approximated scattering matrix of the graph 
under consideration. An obvious refinement of this approximation is to take 

G2 fi >, t) = Go {5 ab - s a a r ox n - £ w } , (7.10) 

where S^ prox {oo) is the short distance approximation of the scattering matrix. 
Some examples of such calculations are done in the next section. 

7.2 Examples 

We apply the above formalism to the examples dealt with in section [61 Except for one 
particular case, we will consider the scattering matrix within the short distance approxi- 
mation, as it has been presented in section [4731 In the case of the tadpole, we perform the 
exact calculation and show that the short distance approximation is in accordance with 
the exact result, justifying in this way the approximation. 

7.2.1 Tree graph 

We start with the matrix (16.181) . which possesses two simple poles 

%r\ x = —4(3 and vq 2 = — . (7.11) 
d dp 

We recall that (3 — a\. One gets, using notations ( 16. 19ft : 

T ' = T <"i> = i^{2SS , + ^ , +4/J 2 s2. , } (7-12) 

T 2 = Tfe) = 3 ^- T {4SS» + is« + ^ 3 S«} (7.13) 
Starting from the formula (17.91) . it leads to a conductance 

G(uj,t) = G {U A *)- e - — r,- e - — T 2 |, (7.14) 

I 2 \ —A A J UJ — ITji UJ — IT]2 J 

where we have introduced the 2x2 matrix 

A=( \ {). (T.15) 
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7.2.2 Loop 

We consider the loop scattering matrix f)6.22p . It possesses two simple poles: 

m ~ d^ + i) ~ (TT^p a d 17)2 ~ d(/x-i) " • (7 6) 

They lead to the two matrices 

Tl = T M = il±E ( ^ -» ) md T 2 = T M = ( J J ) . (7.17) 

Then, the conductance (17. 9p rewrites 



i _i \ p i(ui-ir)i)t p i(uj~ir)2)t 

G(u,t)=G Q \[ \ / —71 — r 2 ^. (7.18) 

— 11/ UJ — ITji UJ — 17]2 



7.2.3 Tadpole 

To simplify the presentation, we consider the case «2 = 1, but the same sort of calculation 
can be done for the general case. 

Exact calculation: The expression (I6.23|) for a 2 = 1 simplifies to 



The poles of R(p) are given by: 

.dp. -2i 2kn , „ 2 , . 2 

tan( — ) = — 77- p = irik = im H — , k G Z with 77 = — ; arctanhf— ^ 

2 af a a af 

that leads to 



T k = T( Vk ) = ^^-, VkeZ. (7.20) 
a a\ — 4 



Hence, we get 

e i{u)-irj k )t 



I d af — A ^— ' u — irj k J 



fcGZ 

The sum can be computed for real parameter ai, and one obtains 

El _■ J in {t)d(uj-irio) 

-J—e^ k )t = * ae with (t) 



(7.22) 



where [.] denotes the integer part. This leads to 

V ; I 2-ia? tan(if) af - 4 1 - e 1 ^" -1 *) J V ; 
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Short distance approximation: If one performs the same calculation with the ap- 
proximation t ~ pd/2, we get a single simple pole ir( = —Ai/da[ that leads to 

r 2 + i a 2 — 8? f i ( UJ ~~ ir i') t > 
G^,t)=G {l- I -^ + JS i—}. (7.24) 

To compare this latter expression with the exact result, we first note that 

2 2 4 , 

r] = — - arctanh(^j) ~ — — ^ = 77 for a, >> 2 (7-25) 
a a( daf 

Taking this regime for the parameter a 1; we perform an expansion in d of f)7.23p . remarking 
that no(t) d ~ t when d — > 0: 

r 2 + za?— 8 e i(u>-iv')t >. 

G(w,t) ~ G (l - + 2 , + —^-7 -) , (7.26) 

V 7 I 2-ia\±f a\ {-id){u - irf) J ' V ; 

which is exactly the expression of G approx (uj, t). Thus, the short distance approximation 
gives a correct estimate of the conductance for this parameter range. 

7.2.4 Triangle 

The matrix (I6.30P possesses three simple poles 

-4z . -2z±2y/2 
%Vo = ~J~ ' l7]± = 3d ' ^ ' 



and T(ri ± ) = —^(2i±V2) | | . (7.28) 



The conductance takes the form 

, i(uj-ir) )t i(u)-ir) + )t p i(u~ir)-)t 

t) = G \l 3 - n — TM — T( V+ ) — T(i7_) } . (7.29) 

lu — ir/o to — ir] + uo — irj- 





When the distance d — > 0, the u dependent part of the conductance goes to zero, and 
one recover the conductance computed in [14]. For non- vanishing values of d, we get uj 
dependent corrections to this conductance. 
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A Proofs 



A.l Compatibility relation 

We start with the relations at each vertex 

Ai( P ) = S 11 (p)A 1 (-p)+S l2 (p)A 2 (- P ) (A.l) 
A 2 (p) = S 21 (p)A 1 (-p)+S 22 (p)A 2 (-p) (A.2) 
A 2 (-p) = E u (p)A 2 (p) + Z 12 (p)A 3 (-p) (A.3) 

A 3 (p) = j: 21 (p)a 2 ( p ) + j: 22 (p)a 3 (-p) (aa) 

where we used the notations of section 14.11 Equations ( 1A.2I) and ( 1A.3I) allow to express 
A 2 (p) in term of A\(p) and A 3 (p) in two different ways: 

A 2 (p) = D( P y 1 ^S 21 (p)A 1 (-p) + S 22 (p)E 12 (p)A 3 (-p^ (A.5) 
A 2 (-p) = J D(p)- 1 (s 12 (p)A 3 (-p) + S 11 (p)5 21 (p)A 1 (-p)) (A.6) 

with D(p)=I-S 22 (p)Z u (p) and D(p) — I — En(p) S 22 (p) (A.7) 

Plugging ([Oil into (tOj) and ([Oil into fTA~ll leads to the relations (S5D-(0). fTA~5l) 

can be viewed as the determination of A 2 (p) in terms of Ai(p) and A 3 {p). It remains a 
compatibility relation: 

^(p)- 1 (Snip) Ai(-p) + 5 22 ( P ) E 12 (p) A 3 (-p)) = 

= D(-p)' 1 (E 12 (-p) A 3 (p) + Su(-p) ^(-p) Ax(p)) (A.8) 
which rewrites, using again relations (I4.6p - fl4.7l) . 

D(-p) Dip)" 1 (Snip) Aii-p) + S 22 ip) E 12 (p) A 3 (-p)) = (e 12 (- P ) E 21 (p) 5(p)^ 
-E n (-p) S 22 i-p) + E n (-p) 5- 21 (-p) 5 12 (p) Dip)" 1 Su(-p))s 2 i(p) A x (-p) 

+ (E n (-p) S 21 (-p) S 12 (p) D(p)' 1 - E u (-p) + E 12 (-p) E 21 (p) D^)" 1 5 22 (p))E 12 (p) A 3 (-p) 

Instead of proving this relation, we prove the two following relations, that obviously imply 
the compatibility relation, 

Di-p) Dip)- 1 = E 12 (-p) E 21 (p) ^(p)- 1 + Eu(-p) S 21 i-p) S 12 ip) Dip)- 1 E n (p) 

-E u (-p)£ 22 (-p) (A.9) 

£>(-p) D(p)- 1 S 22 (p) = En(-p) S 21 i-p) S 12 ip) Dip)- 1 + E 12 (-p) E 21 (p) Dip)- 1 S 22 ip) 

-En(-p) (A.10) 

We start by proving relation (1A.9I) . Multiplying on the right by Dip) and using the 
consistency relation ( 12. 81) for Sip) and £(p), it can be rewritten as 

Di-p) = I-S n (-p)S 11 (p) + S 11 (-p)(l- 1 S 22 (-p) 1 S 22 (p)) J D(p)- 1 S 11 (p)5(p) 

-E u (-p) S 22 i-p) (I - S 22 (p)E n (p)) (A.ll) 

that is indeed an equality. Relation (1A.10I) is equivalent to relation ( 1A.9I) multiplied from 
the right by S 22 ip). 
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A. 2 Consistency and Hermitian analycity relations 

We prove that the scattering matrix (14.71) obeys the consistency and Hermitian analycity 
relations (12. 8p and (I2.9P as soon as the local scattering matrices do. The proof relies on 
the relations (proven by direct calculation): 

Vn(p)D(p)- 1 = D(p)- 1 ?l 11 (p) and Dip)' 1 S 22 (p) = S 22 (p) Dip)' 1 (A.12) 
(D(p)\ =D(-p) and (D(pj) = D(-p) (A.13) 

Thanks to these relations, it is easy to show that S tot (p) is Hermitian analytical. For 
instance one has 

( S tot(p)) j u = SnipY + S 21 (p)^ n (p)^D(p)- i y S 12 ( P y 

= s n (-p) + s 21 (- P )i: ll (-p)D(-p)- 1 s l2 (-p) = (sW-p)) n 

The proof of the consistency relation requires more calculation. Considering the 11 com- 
ponent, and using consistency relations for S(p) and S(p), one can rewrites it as: 

(Stot( P ) S tot (-p)) ^ = S n (p)Sn(-p) + S 12 (p)D( P r 1 {...}s 21 (-p) 

{•••} = D(p) + 

"■■■] = (Eu(p) - S 22 (-p)) D(-p)- 1 (. . .) 

(...) = + = (A.14) 

where in the last step we used (1A. 12[) . 

The other relations are proven along the same lines. 
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